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Visual Servoing-Based Anti-Swing Control of
Cable-Suspended Aerial Transportation Systems

With Variable-Length Cable
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Yongchun Fang , Senior Member, IEEE, and Xiao Liang , Member, IEEE

Abstract— By utilizing a suspension cable to connect the
payload with the quadrotor, transport tasks can be accomplished
while preserving the unmanned aerial vehicle’s agility and
maneuverability, particularly in environments that are impass-
able for ground vehicles. Equipping onboard visual sensors and
utilizing image-based visual servoing techniques, the application
range of aerial transportation systems is poised to be signifi-
cantly expanded in scenarios like autonomous landing and goods
release. Unfortunately, within the system, there exist multiple
layers of dynamic couplings between image features, quadrotor
rotation, translation, and payload motion. These intricacies give
rise to numerous difficulties in achieving smooth anti-swing
transportation. To overcome the aforementioned difficulties, this
paper presents the first image-based visual servoing control
scheme for the aerial transportation system with variable-length
cable. Specifically, the image moments defined on the rotated
virtual image plane are taken as the image features, whose
dynamics is independent of the quadrotor rotational motion.
Subsequently, a generalized virtual image feature signal is intro-
duced by organically combining the cable length and payload
swing angles with the image feature, which is further exploited
in the anti-swing control scheme design. The equilibrium point
of the overall closed-loop system is proved to be asymptotically
stable through Lyapunov techniques and LaSalle’s Invariance
Theorem. Hardware experiments are conducted on a self-built
aerial transportation platform to verify the proposed controller’s
basic and functional performance in terms of rapid anti-swing
and accurate target position and cable length tracking.

Note to Practitioners—This paper is motivated by the require-
ment to improve the autonomy level and payload swing
suppression ability of the aerial transportation system through
visual servoing techniques. By installing onboard monocular cam-

Manuscript received 9 November 2023; revised 18 April 2024;
accepted 19 July 2024. Date of publication 1 August 2024; date of current
version 7 March 2025. This article was recommended for publication by
Associate Editor Z. Pei and Editor B. Vogel-Heuser upon evaluation of the
reviewers’ comments. This work was supported in part by the National Natural
Science Foundation of China under Grant 623B2054, Grant 62273187, and
Grant 62233011; in part by the Natural Science Foundation of Tianjin under
Grant 23JCQNJC01930; and in part by the Haihe Lab of ITAI, under Grant
22HHXCJC00003. (Corresponding author: Xiao Liang.)

The authors are with the Institute of Robotics and Automatic Informa-
tion System, College of Artificial Intelligence, and Tianjin Key Laboratory
of Intelligent Robotics, Nankai University, Tianjin 300350, China, and
also with the Institute of Intelligence Technology and Robotic Sys-
tems, Shenzhen Research Institute, Nankai University, Shenzhen 518083,
China (e-mail: yuhai@mail.nankai.edu.cn; zhangzp@mail.nankai.edu.cn;
peitf@mail.nankai.edu.cn; hanjianda@nankai.edu.cn; fangyc@nankai.edu.cn;
liangx@nankai.edu.cn).

Digital Object Identifier 10.1109/TASE.2024.3434637

era and the cable length adjustment mechanism, the application
scope of the aerial transportation system can be significantly
expanded. However, due to the “double” underactuated char-
acteristic, the visual features couple with both the quadrotor
motion and the payload motion, hence, it is quite challenging
to realize visual servoing control for cable-suspended aerial
transportation systems with simultaneous payload swing sup-
pression and quadrotor positioning. Accounting for the foregoing
problems, this paper proposes an image-based visual servoing
anti-swing control scheme. With the elaborately constructed
generalized virtual image feature signal, the designed controller
could improve the anti-swing ability with a completed theoretical
analysis. Furthermore, two groups of hardware experiments are
conducted to validate the effectiveness of the suggested control
method. In future studies, we intend to design more effective
control scheme for payload delivery issue with consideration of
the visibility of the mobile platform.

Index Terms— Aerial transportation systems, image-based
visual servoing, variable-length cable, payload swing elimination.

I. INTRODUCTION

WITH the rapid advance in mechanics and electron-
ics [1], [2], [3], [4], [5], [6], [7], robotics technology

has driven the development of various fields such as the
military, industry, agriculture, entertainment, and transporta-
tion, etc. Specifically, in the field of intelligent transportation,
thanks to the three-dimensional (3D) movement capability of
flying robots, a great convenience for cargo delivery under
complex road and terrain conditions is provided. As one of
the aerial transportation means, the cable-suspended way has
received widespread attention due to its adaptability to various
scenarios and high cost-effectiveness.

Recently, researchers have conducted extensive studies
from both control and planning perspectives to complete
cable-suspended payload transportation [8], [9], [10], [11],
[12], [13]. Zeng et al. propose a nonlinear geometric control
law [8] based on the established coordinate-free quadrotor-
pulley-load dynamics model, which has the ability to track
quadrotor attitude, payload attitude and position, and cable
length. To deal with external disturbance, a fixed-time control
strategy [9] is developed to improve the transient response
and robustness of the cable-suspended aerial transportation
system. Meanwhile, considering the presence of unknown air
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turbulence, a robust control scheme [10] is designed based on
the robust integral of the sign of the error (RISE). To pass
through windows and avoid obstacles, an aggressive payload
position and swing angle trajectory generation approach is
designed in [11], which embeds constraints for cable direc-
tion into the trajectory generation process. Employing the
complementarity constraints and reformulating the obstacle
avoidance from nonconvex constraints into smooth ones,
a planning method is designed to generate agile quadrotor
motions in [12]. Based on Pontryagin’s Minimum Principle,
the optimal quadrotor trajectory and cable length are generated
in [13], which has the ability to improve the carrying capacity
and reduce the oscillation of the payload.

Currently, the lightweight onboard monocular cameras are
becoming increasingly popular, which can provide rich infor-
mation at a low cost and have been widely employed to acquire
the motion information of quadrotors through position-based
visual servoing (PBVS) method [14], [15], [16], [17] and
image-based visual servoing (IBVS) method [18], [19], [20],
[21]. PBVS method is utilized to reconstruct the relative pose
between the quadrotor and the target, which is intuitive in
Cartesian space, while the computation burden may be raised.
Different from PBVS method, IBVS method is computation
friendly, which does not need priori target geometry infor-
mation, but uses image feature errors on the image plane to
generate control signals directly. Besides, IBVS method is
insensitive to calibration errors and noise [22], which is more
suitable for low-cost quadrotors. However, due to the unknown
camera depth as well as the underactuated characteristic and
nonlinearity of quadrotors, it is challenging to apply IBVS
directly to quadrotor systems. To overcome the aforementioned
difficulties, the spherical projection-based approach [23], [24]
and the virtual camera approach [25], [26], [27] are utilized
to obtain decoupled image feature dynamics. Without esti-
mating parameters related to the unknown height, a spherical
projection-based IBVS method is proposed in [23], which can
land the quadrotor on a specific moving target even under dis-
turbances. Based on the unified-spherical model, a framework
containing image-based estimation, aggressive-maneuvering
trajectory generation, and motion control is presented in [24]
for multiple windows flight crossing. To solve the problem of
undesired behavior in the vertical axis of the spherical projec-
tion method, the circle feature [25] is exploited in the virtual
camera approach to land the quadrotor on an unpredictable
mobile platform. In [26], a forward-looking camera is fixed on
the quadrotor to track and monitor the arbitrary flight target in
3D space by projecting the intruder’s center point onto a virtual
image plane. By exploiting the virtual reticle image plane,
a finite-time dynamic visual servoing control scheme [27]
is designed to land the quadrotor onto a tilting and moving
ground vehicle.

In summary, by employing the direct measurement sig-
nals from the onboard camera and utilizing them for visual
servoing control, the autonomy level of aerial transportation
systems can be further enhanced. Noteworthily, although many
researchers have discussed the visual servoing of the quadrotor
itself, few studies concentrate on the visual servoing of aerial

transportation systems. Compared with the single quadrotor,
the visual servoing control of the aerial transportation system
with variable-length cable is much more challenging. To sum
up, the following crucial problems are listed as:

1) The aerial transportation system presents much more
complex underactuated characteristics due to the “dou-
ble” underactuated characteristic, which is caused by the
coupling between the quadrotor translation and rotation,
as well as the coupling between the payload motion and
quadrotor motion.

2) By employing a cable with adjustable length, the
payload can be hoisted or lowered, which effectively
extends the system’s application range. However, it also
exhibits stronger nonlinearity, higher degrees of freedom
(DOFs) and more complex dynamic coupling due to the
variable-length cable dynamics.

3) The visual features couple with both the quadrotor
motion and the payload motion.

To overcome the aforementioned difficulties, this paper pro-
poses the first image-based visual servoing control strategy
for the aerial transportation system with variable-length cable.
Specifically, the rotated virtual image plane is employed to
obtain the image feature, based on which, a generalized
virtual image feature signal containing both payload swing
angles and cable length information is incorporated into the
control scheme to enhance the payload swing suppression
performance. Lyapunov techniques and LaSalle’s Invariance
Theorem are utilized to guarantee the stability of the overall
closed-loop system. Finally, the convincing performance of
the proposed method is demonstrated on the self-build exper-
imental testbed. The main contributions of this paper can be
summarized as follows:

1) By adopting the rotated virtual image plane, the kinemat-
ics of the image feature is decoupled from the rotational
motion of the quadrotor. Then, based on the kinematics
of the image moment, the dynamic relationship between
image feature, cable length, and payload swing angles is
established. Thus, the image feature can be successfully
integrated into the hierarchical control structure of the
aerial transportation system, which brings great conve-
nience to the controller design.

2) By combining the payload swing angles and cable
length information, a generalized virtual image feature
signal is elaborately constructed for controller design.
The proposed controller can not only effectively sup-
press the payload swing angles, but also ensure the
stability of the closed-loop system theoretically.

3) The obtained experimental results show that the pro-
posed method can realize simultaneous target position
tracking, cable length adjustment, and payload swing
angle elimination. Even if the target point is moving,
precise target tracking can be achieved, which further
validates the practicality and robustness of the proposed
method.

The remainder of this paper is structured in the follow-
ing manner. The system modeling and problem statements
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Fig. 1. Geometry relationship between the real image plane, the virtual image
plane, and the target plane.

are introduced in Section II. The controller design process,
as well as the stability analysis, is provided in Section III.
In Section IV, several groups of experimental results are
provided to show the performance of the control scheme.
Finally, Section V summarizes the paper and presents the
feature work.

II. PROBLEM FORMULATION

A. Notations

This part illustrates the symbols utilized in this paper.
C∗ and S∗ denote the abbreviations of cos(θ∗) and sin(θ∗),
respectively. The hat map ŵ : R3

→ so(3) is defined
by the relation that ŵ p = w × p for all w, p ∈

R3. The vee map (·)∨ : so(3) → R3 is the inverse
operation of the hat map. For a vector h ∈ Rn ,
define Cosh(h) = [cosh(h1), . . . , cosh(hn)]⊤, Tanh(h) =

[tanh(h1), . . . , tanh(hn)]⊤, Ln(h) = [ln(h1), . . . , ln(hn)]⊤,
and diag(h) is the diagonal matrix with diagonal elements
of h1, . . . , hn .

The schematic configuration of the visual-based aerial trans-
portation system is shown in Fig. 1. I, B, C and V represent
the inertial frame, the body-fixed frame, the camera frame, and
the virtual camera frame, respectively. Define I

C R ∈ SO(3)

as the rotation matrix from C to I, and R ∈ SO(3) as the
rotation matrix from B to I. The camera is fixed on the
quadrotor. Thus, the transformation between the camera frame
and the body-fixed frame is a constant matrix. After reasonable
installation and translation transformation, the camera frame
can be viewed as coinciding with the body-fixed frame, i.e.,
I
C R = R. Since the rotated virtual image plane V is always
parallel to the target plane, the rotation matrix from V to
I can be expressed as I

V R = I, where I ∈ R3×3 is a unit
matrix. Thus, the rotation matrix from C to V is derived by
V
C R =

(I
V R

)⊤I
C R =

I
C R = R. The symbols and the definitions

are listed in TABLE I. Considering the actual transportation
systems, as well as the recent researches [8], [9], [10], [11],
[12], [28], [29], [30], the following reasonable assumptions
are given as follows:

Assumption 1: The payload is always under the quadrotor,
implying that the swing angles θx and θy are within the range
of (−π/2, π/2).

TABLE I
SYMBOLS AND DEFINITIONS OF THE SYSTEM

Assumption 2: The cable is massless, which is connected
to the quadrotor’s center of mass.

B. Image Features and Kinematics

For an arbitrary static point A, let CA =
[Cx, C y, Cz

]⊤,
VA =

[V x, V y, V z
]⊤, IA =

[Ix, I y, Iz
]⊤ denote the

three-dimensional Euclidean coordinates expressed in C, V ,
and I, respectively. Since the origin of frame C is coincided
with frame V , the relationship between VA and CA can be
expressed as:

VA =
V
C RCA =

I
C RCA = RCA

⇒
V x = e⊤

1 RCA, V y = e⊤

2 RCA, V z = e⊤

3 RCA, (1)

where e1 = [1, 0, 0]
⊤, e2 = [0, 1, 0]

⊤, e3 = [0, 0, 1]
⊤ are

unit vectors. Further, the coordinates of the static point A in
frame V can be calculated as VA =

I
V R⊤(IA − ξ

)
, whose time

derivative is given by

VȦ = −ξ̇ = −v. (2)

Based on the perspective projection equation, the normalized

image coordinate is represented as µ̄ =
CA
C z =

[
Cx
C z ,

C y
C z , 1

]⊤

∈

R3, which can be calculated by µ̄ = K −1n, with K ∈

R3×3 and n = [u, v, 1]⊤ ∈ R3 being the known camera
intrinsic matrix and image pixel coordinates, respectively. The
normalized image coordinates in the rotated image plane is

defined as V µ̄ =
VA
V z =

[V x̄, V ȳ, 1
]⊤

=

[
V x
V z ,

V y
V z , 1

]⊤

∈ R3.
Furthermore, with the help of (1), the relationship between the
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normalized image coordinates in the original image plane and
those in the rotated virtual image plane is:

V µ̄ =

Cz
V z

V
C Rµ̄ =

Cz
V z

Rµ̄ =

Cz
e⊤

3 RCA
Rµ̄ =

1
e⊤

3 Rµ̄
Rµ̄. (3)

Subsequently, on the basis of (2), taking the time derivative
of V µ̄ yields [ V ˙x̄

V ˙ȳ

]
=

1
V z

[
−1 0 V x̄
0 −1 V ȳ

]
v. (4)

Since there are N > 1 points in the target plane, image
moments are chosen as image features. Define V x̄g =
1
N

∑N
k=1

V x̄k,
V ȳg =

1
N

∑N
k=1

V ȳk ∈ R as the two dimension
barycenter moments, k ∈ N[1,N ]. Taking the time derivative of
V x̄g and V ȳg , then substituting (4) into the resultant equation,
one has [ V ˙x̄g

V ˙ȳg

]
=

1
V z

[
−1 0 V x̄g

0 −1 V ȳg

]
v. (5)

In addition, define the (i + j)-order centered moments as
Vµi j =

∑N
k=1

(V x̄k −
V x̄g

)i(V ȳk −
V ȳg

) j with positive expo-
nents i, j ∈ N0. The second-order centered moment is
calculated as γ =

Vµ20+
Vµ02 ∈ R. Therefore, the normalized

image feature s can be defined as

s =
[
sx , sy, sz

]⊤
=

[
V x̄gsz,

V ȳgsz,

√
γ ⋆

γ

]⊤

, (6)

where γ ⋆ is the value of γ when the quadrotor is at the desired
height. Taking the time derivative of (6), together with (5), one
can obtain the kinematics of the image moment as:

ṡ = −
1
z⋆

v, (7)

where z⋆ is the depth value when the camera is at desired pose,
and satisfies the relationship z⋆

√
γ ⋆ =

V z
√

γ . Thus, it can
be seen from (7) that the kinematics of the image feature is
independent of the quadrotor’s rotation motion.

C. System Dynamics Transformation

According to the Lagrange’s modeling method, the dynamic
model of the aerial transportation system with variable-length
cable is represented similar to [30] as:

Mc(l, θ)q̈ + Vc(l, θ , l̇, θ̇)q̇ + G(l, θ) = u, (8)

Ṙ = R�̂, (9)

J �̇ + � × J� = τ . (10)

It can be proven that the outer loop subsystem (8) satisfies the
following important property without much difficulty:

Property 1: Matrices Vc(l, θ , l̇, θ̇) and Mc(l, θ) satisfy the
skew-symmetric relationship: η⊤

( 1
2 Ṁc − Vc

)
η = 0, ∀ η ∈ R6.

Rearranging and taking the time derivative of the image
moment kinematics (7), one can obtain that

v = −z⋆ ṡ, v̇ = −z⋆ s̈ ⇒ ξ̇ = −z⋆ ṡ, ξ̈ = −z⋆ s̈. (11)

Subsequently, inserting (11) into (8), the dynamics on image
feature, cable length, and payload swing angle can be estab-
lished as:

− (M + m)z∗s̈x + ml̈Sx Cy + 2ml̇ θ̇ x Cx Cy − 2ml̇ θ̇ y Sx Sy

+ ml
(
θ̈ x Cx Cy −θ̈ y Sx Sy −θ̇2

x Sx Cy −θ̇2
y Sx Cy −2θ̇ x θ̇ yCx Sy

)
= f R13, (12)

− (M + m)z∗s̈ y + ml̈Sy + 2ml̇ θ̇ yCy + ml
(
θ̈ yCy − θ̇2

y Sy
)

= f R23, (13)

− (M + m)z∗s̈z + ml̈Cx Cy − 2ml̇ θ̇ x Sx Cy − 2ml̇ θ̇ yCx Sy

− ml
(
θ̈ x Sx Cy +θ̈ yCx Sy +θ̇2

x Cx Cy +θ̇2
yCx Cy −2θ̇ x θ̇ y Sx Sy

)
− (M + m)g = f R33, (14)

− mz∗s̈x Sx Cy − mz∗s̈ y Sy − mz∗s̈zCx Cy + ml̈ − ml θ̇2
x C2

y

− ml θ̇2
y − mgCx Cy = fl , (15)

− mlz∗s̈x Cx Cy + mlz∗s̈z Sx Cy + ml2θ̈ x C2
y + 2mll̇ θ̇ x C2

y

− 2ml2θ̇ x θ̇ yCy Sy + mglSx Cy = 0, (16)

mlz∗s̈x Sx Sy − mlz∗s̈ yCy + mlz∗s̈zCx Sy + ml2θ̈ y

+ 2mll̇ θ̇ y + ml2θ̇2
x Cy Sy + mglCx Sy = 0, (17)

where Re3 = [R13, R23, R33]
⊤ represents the last column

of rotation matrix R. Define vector qs =
[
v⊤, l̇, θ̇⊤

]⊤
=[

−z⋆ ṡ⊤, l̇, θ̇⊤
]⊤

∈ R6. Thus, model (12)–(17) can be sum-
marized as

Mc(l, θ)q̇s + Vc(l, θ , l̇, θ̇)qs + G(l, θ) = u.

III. CONTROLLER DESIGN AND STABILITY ANALYSIS

In this section, an image-based visual servoing anti-swing
control scheme is designed for the aerial transportation system
with variable-length cable.

A. Control Objective

For the convenience of subsequent controller development
and analysis, define the image feature error as es(t) =

[esx , esy, esz]
⊤

= s − sd , and the cable length error as
el(t) = l − ld . The quadrotor’s attitude and angular velocity
tracking errors are defined as eR =

1
2

(
R⊤

d R − R⊤ Rd
)∨, e� =

� − R⊤ Rd�d [31]. The control objective of this paper is to
design the applied force u and torque τ , so as to regulate the
image feature to the desired image feature sd , adjust the cable
length to the desired one ld , and suppress the payload swing
angle θ , in the following sense:

es → 03×1, el → 0, θ → 02×1, eR → 03×1, e� → 03×1.

Fig. 2 shows the block diagram of the proposed method.

B. Controller Design

The energy function of the outer loop subsystem is given
as

E =
1
2

q⊤

s Mcqs + mgl
(
1 − Cx Cy

)
. (18)
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Fig. 2. Block diagram of the proposed control algorithm.

Invoking Property 1 and taking the time derivative of (18)
leads to

Ė = q⊤

s

(
Mc q̇s +

1
2

Ṁcqs

)
+ mgl

(
θ̇ x Sx Cy + θ̇ yCx Sy

)
+ mgl̇

(
1 − Cx Cy

)
= ζ⊤

([
f Re3

⊤, fl
]⊤

+
[
0, 0, (M+ m)g, mg

]⊤
)

= ζ⊤

([
f ⊤

ξ + f ⊤

1 , fl
]⊤

+
[
0, 0, (M+ m)g, mg

]⊤
)
, (19)

where ζ ∈ R4 is defined as ζ = [−z⋆ ṡ⊤, l̇]⊤, the virtual
control input fξ = [ fx , fy, fz]

⊤ and the auxiliary vec-
tor f1 are defined as fξ =

(
f/

(
e⊤

3 R⊤

d Re3
))

Rd e3, f1 =(
f/

(
e⊤

3 R⊤

d Re3
))[(

e⊤

3 R⊤

d Re3
)
Re3 − Rd e3

]
. The hierarchical

control theory can be adopted by viewing the actual
attitude and the expected attitude as identical, which
means that the coupling term f1 can be temporarily
neglected [30].

By substituting (11) into (19), Ė can be further written as:

Ė = ζ⊤

([
f ⊤

ξ , fl
]⊤

+
[
0, 0, (M+ m)g, mg

]⊤
)

= −z⋆ ṡ⊤
(

fξ + (M + m)ge3
)
+ l̇( fl + mg)

= −z⋆ ė⊤

s

(
fξ + (M + m)ge3

)
+ ėl( fl + mg). (20)

To improve the payload swing suppression ability, based on
the image feature error, a generalized virtual image feature
signal δ = [δx , δy, δz]

⊤
∈ R3 is constructed as:

δ = −z⋆es − λβ

= −z⋆es − λ
[
l Sx Cy, l Sy,

(
lCx Cy − ld

)]⊤
, (21)

where λ ∈ R+ is a positive constant. Taking the time derivative
of the composite signal (21), one has

δ̇ = −z⋆ ės − λ

 l̇ Sx Cy + l θ̇ x Cx Cy − l θ̇ y Sx Sy

l̇ Sy + l θ̇ yCy

l̇Cx Cy − l θ̇ x Sx Cy − l θ̇ yCx Sy

. (22)

Utilizing the composite position signal (21), a nonnegative
function En can be constructed, whose time derivative is given
as:

Ėn = δ̇⊤
(

fξ + (M + m)ge3
)
+

λM + (1 + λ)m
m

ėl( fl + mg)

= Ė + Ėa . (23)

Combining with the system dynamic model (12)–(14), the
expression of Ėa can be further written as:

Ėa = −λβ̇⊤
(

fξ + (M + m)ge3
)
+

λ(M + m)

m
ėl( fl + mg)

= −(M + m)λl̇
(
−z∗s̈x Sx Cy − z∗s̈ y Sy − z∗s̈zCx Cy

)
− (M + m)λl θ̇ x

(
−z∗s̈x Cx Cy + z∗s̈z Sx Cy

)
− (M + m)λl θ̇ y

(
z∗s̈x Sx Sy − z∗s̈ yCy + z∗s̈zCx Sy

)
− λ

(
l̇ Sx Cy + l θ̇ x Cx Cy − l θ̇ y Sx Sy

) d
dt

[
m

(
l̇ Sx Cy

+l θ̇ x Cx Cy − l θ̇ y Sx Sy
)]

−λ
(
l̇ Sy + l θ̇ yCy

)d
dt

[
m

(
l̇ Sy

+l θ̇ yCy
)]

− λ
(
l̇Cx Cy − l θ̇ x Sx Cy − l θ̇ yCx Sy

)
×

d
dt

[
m

(
l̇Cx Cy − l θ̇ x Sx Cy − l θ̇ yCx Sy

)]
+

λ(M + m)

m
l̇( fl + mg). (24)

Then, substituting (15)–(17) into (24) yields

Ėa = −λ
(
l̇ Sx Cy + l θ̇ x Cx Cy − l θ̇ y Sx Sy

) d
dt

[
m

(
l̇ Sx Cy

+l θ̇ x Cx Cy − l θ̇ y Sx Sy
)]

−λ
(
l̇ Sy + l θ̇ yCy

)d
dt

[
m

(
l̇ Sy

+l θ̇ yCy
)]

− λ
(
l̇Cx Cy − l θ̇ x Sx Cy − l θ̇ yCx Sy

)
×

d
dt

[
m

(
l̇Cx Cy − l θ̇ x Sx Cy − l θ̇ yCx Sy

)]
+ λ(M+m)l̇ l̈

+ λ(M + m)
(
l̇l θ̇2

x C2
y + l2θ̈ x θ̇ x C2

y − l θ̇2
x θ̇ yCy Sy

)
+ λ(M+m)

(
l2θ̇ y θ̈ y +l̇l θ̇2

y

)
+λ(M+m)g

(
l̇ − l̇Cx Cy

+l θ̇ x Sx Cy + l θ̇ yCx Sy
)

= −
1
2
λm

d
dt

[(
l̇ Sx Cy + l θ̇ x Cx Cy − l θ̇ y Sx Sy

)2
]

−
1
2
λm

d
dt

[(
l̇ Sy + l θ̇ yCy

)2
]

−
1
2
λm

d
dt

[(
l̇Cx Cy

−l θ̇ x Sx Cy − l θ̇ yCx Sy
)2

]
+

1
2
λ(M + m)

d
dt

[
l̇2

+l2θ̇2
x C2

y + l2θ̇2
y + gl(1 − Cx Cy)

]
. (25)

Subsequently, integrating (25) with time, Ea can be chosen as:

Ea =
1
2
λM

(
l̇2

+l2θ̇2
x C2

y +l2θ̇2
y

)
+λ(M+m)gl

(
1−Cx Cy

)
, (26)

which is positive obviously. Furthermore, construct the fol-
lowing positive definite function as:

V = En + kpsLnCosh(δ)

+ kpl
λM + (1 + λ)m

m
ln cosh(el), (27)

where kps =
[
kpx , kpy, kpz

]⊤
∈ R3

+
is a positive definite

vector, kpl ∈ R+ is a positive control gain. Taking the time
derivative of (27) yields

V̇ = Ėn +δ̇⊤K psTanh(δ)+kpl ėl
λM + (1 + λ)m

m
tanh(el)

= δ̇⊤
(

fξ + (M + m)ge3 + K psTanh(δ)
)

+
λM + (1 + λ)m

m
ėl

(
fl + mg + kpl tanh(el)

)
, (28)
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where K ps = diag(kps) ∈ R3×3
+ . To avoid excessive control

input caused by large state errors, the saturation function is
introduced into the controller. Hence, based on the form of V̇ ,
the following control scheme can be constructed as:

fξ = −K psTanh(δ) − KdsTanh(δ̇) − (M + m)ge3,

fl = −kpl tanh(el) − kdl tanh(ėl) − mg, (29)

where Kds = diag
([

kdx , kdy, kdz
])

∈ R3×3
+ is a positive

definite diagonal matrix, kdl ∈ R+ is a positive control
gain.

Further, according to the relation fξ =(
f/

(
e⊤

3 R⊤

d Re3
))

Rd e3, it is obvious that fξ and Rd e3 have the
same direction, thus, the desired unit direction vector
r3d = Rd e3 ∈ R3 can be obtained by calculating
r3d = Rd e3 = fξ/

∥∥ fξ
∥∥. Then, fξ can be further

arranged as fξ =
f ∥ fξ∥
f ⊤

ξ Re3
·

fξ
∥ fξ∥

=
f · fξ

f ⊤

ξ Re3
, which indicates

that the scaler quadrotor thrust can be calculated by
f = f ⊤

ξ Re3. Besides, on the basis of the obtained unit
vector r3d , selecting an arbitrary vector r1a(t) ∈ R3 not
parallel to r3d , the desired attitude can be derived as
Rd(t) = [r2d × r3d; r2d; r3d ], where r2d =

r3d×r1a
∥r3d×r1a∥

represents
the second row of the desired rotation matrix. Subsequently,
the desired angular velocity and its time derivative can be
calculated as �d = (R⊤

d Ṙd)
∨, and �̇d = (R⊤

d R̈d − �̂2
d)

∨

[31], [32], [33], [34].
Remark 1: For the desired attitude tracking problem, adopt

the following control approach [31]:

τ = −K R eR − K�e� + �̂J�

−J
(
�̂R⊤ Rd�d − R⊤ Rd�̇d

)
, (30)

wherein K R, K� ∈ R3×3
+ are positive definite diagonal matri-

ces. Explicitly, the control law (30) can drive the attitude
and angular velocity tracking errors, i.e., eR(t), e�(t), to zero
exponentially.

C. Stability Analysis

Theorem 1: Based on the developed control scheme (29),
the equilibrium point is asymptotically stable. The image
feature can be driven to the desired one, the cable is adjusted
to the desired length, and the payload swing is eliminated
effectively, i.e.,

lim
t→∞

s = sd , lim
t→∞

l = ld , lim
t→∞

θ = 02×1.

Proof: Selecting (28) as the Lyapunov function candidate.
Substituting (29) into the time derivative of (28) yields

V̇ = −δ̇⊤KdsTanh(δ̇) − kdl
λM + (1 + λ)m

m
ėl tanh(ėl)

≤ 0. (31)

Therefore, by concluding (27), (29) and (31), the following
result can be derived that

esx , esy, esz, el , ṡx , ṡ y, ṡz, l̇, θ̇ x , θ̇ y, fξ , fl ∈ L∞. (32)

Subsequently, LaSalle’s Invariance Theorem [35] will be
employed to accomplish the proof. Define the set 5 as

5 =
{(

es, el , θ , ės, ėl , θ̇
)
|V̇ (t) = 0

}
,

and let 3 be the largest invariant set in 5. Thus, under (31),
it is obviously that in 3 the following conclusion holds:

δ̇ = 03×1, ėl = 0, (33)

which indicates that

−z⋆ėsx − λ
(
l̇ Sx Cy + l θ̇ x Cx Cy − l θ̇ y Sx Sy

)
= 0, (34)

−z⋆ėsy − λ
(
l̇ Sy + l θ̇ yCy

)
= 0, (35)

−z⋆ėsz − λ
(
l̇Cx Cy − l θ̇ x Sx Cy − l θ̇ yCx Sy

)
= 0. (36)

Whereafter, integrate and derivate the result in (33) with
respect to time, respectively, one can obtain that

δ = ϖs, el = ϖl , (37)

δ̈ = −z⋆ ës − λβ̈ = 03×1, ël = 0, (38)

where ϖs = [ϖsx , ϖsy, ϖsz]
⊤ represents an undetermined

constant vector and ϖl denotes an undetermined constant.
Then, it follows from (38) that

− z⋆ësx −λ
[
l̈ Sx Cy + 2l̇ θ̇ x Cx Cy − 2l̇ θ̇ y Sx Sy + l

(
θ̈ x Cx Cy

−θ̈ y Sx Sy − θ̇2
x Sx Cy −θ̇2

y Sx Cy −2θ̇ x θ̇ yCx Sy
)]

= 0, (39)

− z⋆ësy −λ
[
l̈ Sy + 2l̇ θ̇ yCy + l

(
θ̈ yCy − θ̇2

y Sy
)]

= 0, (40)

− z⋆ësz −λ
[
l̈Cx Cy − 2l̇ θ̇ x Sx Cy − 2l̇ θ̇ yCx Sy − l

(
θ̈ x Sx Cy

+θ̈ yCx Sy +θ̇2
x Cx Cy +θ̇2

yCx Cy −2θ̇ x θ̇ y Sx Sy
)]

= 0. (41)

Substituting (33) and (37) into (29), one can obtain that

fξ = −K psTanh(ϖs) − (M + m)ge3, (42)
fl = −kpl tanh(ϖl) + mg. (43)

Subsequently, inserting (42) into (12)–(14), and comparing the
result with (39)–(41) yields

kpx tanh(ϖsx ) + (M + m)z∗s̈x

m
=

−z∗ësx

λ
, (44)

kpy tanh(ϖsy) + (M + m)z∗s̈ y

m
=

−z∗ësy

λ
, (45)

kpz tanh(ϖsz) + (M + m)z∗s̈z

m
=

−z∗ësz

λ
. (46)

Since s̈ = ës , (44)–(46) can be further derived as

−z⋆ësx = −
λkpx tanh(ϖsx )

λ(M + m) + m
, (47)

−z⋆ësy = −
λkpy tanh(ϖsy)

λ(M + m) + m
, (48)

−z⋆ësz = −
λkpz tanh(ϖsz)

λ(M + m) + m
. (49)

Assuming ϖsx ̸= 0, ϖsy ̸= 0, ϖsz ̸= 0, one can con-
clude that ėsx → ∞, ėsy → ∞, ėsz → ∞ as t →

∞, which conflicts with the conclusion ėsx , ėsy, ėsz ∈ L∞.
Therefore, the assumption ϖsx ̸= 0, ϖsy ̸= 0, ϖsz ̸= 0
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does not hold, thus from (37) and (47)–(49), one can obtain
that

ϖs = 03×1, ësx = 0, ësy = 0, ësz = 0

⇒ δ = 03×1, ėsx = εsx , ėsy = εsy, ėsz = εsz, (50)

where εsx , εsy, εsz represent undetermined constants. In an
analogous method, assuming εsx ̸= 0, εsy ̸= 0, εsz ̸= 0, one
achieves that esx → ∞, esy → ∞, esz → ∞ as t → ∞,
which is inconsistent with the result esx , esy, esz ∈ L∞. Thus,
one has

εsx = 0, εsy = 0, εsz = 0⇒ ėsx = 0, ėsy = 0, ėsz = 0. (51)

Subsequently, according to Assumption 1 and the results
in (34)–(36) and (51), it follows that

θ̇ x Cx Cy − θ̇ y Sx Sy = 0, θ̇ yCy = 0, θ̇ x Sx Cy + θ̇ yCx Sy = 0,

which means that

θ̇ x = 0, θ̇ y = 0 ⇒ θ̈ x = 0, θ̈ y = 0. (52)

Substituting (33) and (50)–(52) into (16) and (17) achieves
that

mglSx Cy = 0, mglCx Sy = 0 ⇒ θx = 0, θy = 0. (53)

Furthermore, substituting (43), (52) and (53) into (15), one
can obtain that

−kpl tanh(ϖl) = 0 ⇒ ϖl = 0 ⇒ el = 0 ⇒ l = ld . (54)

Then, substituting (53) and (54) into the result δ = 03×1, one
has

es = 03×1 ⇒ s = sd . (55)

In summary, based on (33), (51)–(55), one can conclude
that the largest invarient set 3 only contains the equilibrium
point. Thus, it shows that Theorem 1 holds.

Theorem 2: The proposed control law (29) and (30) can
regulate the image moment to the desired one, adjust the cable
to the desired state, and suppress the payload swing, implying
the following result:

lim
t→∞

[
s⊤, ṡ⊤, l, l̇, θ⊤, θ̇⊤, e⊤

R , e⊤

�

]⊤

=
[
s⊤

d , 0⊤

3×1, ld , 0, 0⊤

2×1, 0⊤

2×1, 0⊤

3×1, 0⊤

3×1

]⊤
.

Proof: The stability analysis of the overall closed-loop
system with the consideration of the coupling term f1 is
taken into account here. Define the generalized vector as
e =

[
−z∗e⊤

s , el , θ
⊤, −z∗ ė⊤

s , ėl , θ̇
⊤
]⊤

∈ R12. Inserting Rd e3 =
fξ

∥ fξ∥
and f = f ⊤

ξ Re3 into f1, and according to reference
[31], one can obtain

∥ f1∥ =
∥∥ fξ

∥∥∥∥(
e⊤

3 R⊤

d Re3
)
Re3 − Rd e3

∥∥
≤

∥∥ fξ
∥∥∥eR∥. (56)

Let l̄ denote the upper bound of the cable length, and from (21)
and (22), the following conditions hold as:

∥β∥ =

√
l2 − 2lldCx Cy + l2

d ≤ el + 2ld ,

∥∥β̇
∥∥ =

√
l̇2 + l2θ̇2

x C2
y + l2θ̇2

y ≤ max(1, l̄)
√

∥ėl∥
2 +

∥∥θ̇
∥∥2

.

Thus, according to the fact that | tanh(·)| < | · |, the virtual
control input fξ satisfies that∥∥ fξ

∥∥ ≤
∥∥K psδ

∥∥ +
∥∥Kds δ̇

∥∥ + (M + m)g

≤ 2 max(λps, λds) · max
(
1, λ, λl̄

)
∥e∥

+ 2λ max(λps, λds)ld + (M + m)g. (57)

By selecting

ρ = 4 max(λps, λds) · max
(
1, λ, λl̄

)
,

ϱ =
(M + m)g + 2λ max(λps, λds)ld

2 max(λps, λds) · max
(
1, λ, λl̄

) ,

one knows that the virtual control input fξ presents the
following property:∥∥ fξ (e)

∥∥ ≤

{
ρ∥e∥, for ∥e∥ ≥ ϱ

ρϱ, for ∥e∥ < ϱ.
(58)

Then, substituting the result (58) into (56), the coupling term
can be further deduced as:

∥ f1∥ ≤
∥∥ fξ

∥∥∥eR∥

≤ ρ∥e∥∥eR∥, for ∥e∥ ≥ ϱ,

which means that the coupling term f1 satisfies the growth
restriction condition. Thus, as shown in [36] and [37], the
stability of the overall system is proven.

As the desired angular velocity �d and angular acceleration
�̇d exist in almost all geometric controllers [8], [31], [32],
[33], [34], Ṙd and R̈d relevant to the time derivatives of
the desired thrust force fξ are commonly needed, which
can be obtained according to a complex derivation of the
system dynamic model (12)–(17). To avoid the complicated
derivations, [38] assumes that the flight control unit can
achieve the desired angular rate nearly instantaneously and
neglects the angular rate dynamics. For small deviations
from the hover position, [39], [40] verify that the geo-
metric controller remains stable in the absence of the last
two terms in (30). Also, filtered numerical differentiation
is a commonly used engineering method to avoid complex
derivation, which is utilized in this paper and achieves satis-
factory performance. In practical experiments, the processing
methods of these high-order signals can be selected based
on the computational capabilities of the onboard computing
unit.

Remark 2: This paper mainly deals with the control objec-
tives of image feature tracking, cable length adjusting and
payload swing suppression for aerial transportation system
with variable-length cable. When external disturbances exist,
the dynamic model of the system becomes

Mc(l, θ)q̇s + Vc(l, θ , l̇, θ̇)qs + G(l, θ) = u + d f ,

Ṙ = R�̂,

J �̇ + � × J� = τ + dτ ,

where d f = [dx , dy, dz, dl , dθx , dθy ] ∈ R6 and dτ =

[d1, d2, d3] ∈ R3 denote the disturbances on the translation
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Fig. 3. Experimental platform.

dynamic and rotation dynamic. Under the current control
framework, it is difficult to analyze the robustness of the
proposed control scheme (29) and (30) against external dis-
turbances. Therefore, we will concentrate on designing more
advanced control schemes to take care of disturbances for both
the actuated part and the underactuated one in future efforts.

IV. EXPERIMENTAL IMPLEMENTATION AND RESULTS

To verify the validity of the designed image-based anti-
swing controller, two groups of experiments are conducted
in this section.

A. Experimental Platform

With the support of Robot Operating System (ROS), the
experiments are conducted on the self-built experimental plat-
form as shown in Fig. 3. The aerial transportation system is
composed of an Intel onboard computer, a PixHawk flight
controller, an Intel D435 camera, and a cable length adjustment
mechanism. The onboard computer is logged in remotely from
the ground station via the wireless router, which sends control
instructions to the flight controller through MAVROS. The
camera is utilized to detect the AprilTag with a sampling rate
of 30Hz. It should be noted that we only use the information
of four corner points of the AprilTag in red as marked in
Fig. 3, while the physical distance is not employed in the IBVS
controller. The cable length adjustment mechanism, which is
utilized to stretch and shorten the cable length, consists of a
Dynamixel MX-64 actuator, a 3-D-printed quadrotor-actuator
connector and a 3-D-printed spool.

The physical parameters of the experimental platform are
given as M = 2.18 kg, m = 0.14 kg, g = 9.8 m/s2,
J = diag([0.0504, 0.0518, 0.0628]) kg · m2. The desired
second-order centered moment is chosen as γ ∗

= 0.010.
The control gains are selected as: K ps = diag([5.5, 5.5, 7.0]),
Kds = diag([7.0, 7.0, 14.0]), kpl = 4.0, kdl = 6.0, λ = 0.23,
K R = diag([1.92, 1.92, 1.92]), K� = diag([0.3, 0.3, 0.3]).

Fig. 4. Results for Basic Performance Test.

B. Basic Performance Test

To test the basic performance of the designed control
scheme, a group of comparison experiment is implemented
in this part. The comparison method does not contain payload
swing angle information, which takes the following form as:

fξc = −K psTanh(es) − KdsTanh(ės) − (M + m)ge3,

flc = −kpl tanh(el) − kdl tanh(ėl) − mg,
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Fig. 5. Process of Function Demonstration Test.

whose control gains are selected the same as the pro-
posed method. The initial image feature is s(0) =

[−0.2, −0.4, 1.5]
⊤, and the desired image feature is set as

sd = [−0.1, 0.0, 1.0]
⊤. The initial cable length is l(0) =

0.5 m, and the final cable length is ld = 0.8 m. Fig. 4
provides the experiment curves of the basic performance test.
It is clear that both methods could drive the image feature
to the desired one and adjust the cable to the target length.
Fig. 4c displays the paths of four feature points in the pixel
planes, where the black points denote the extracted feature
points in the initial image and the pentagram ones are the
reference points in the desired image, from which one knows
that both method can drive the feature points to reach the
reference points. Notably, as shown in Fig. 4a, with the help
of the generalized virtual image feature signal, the proposed
method exhibits better anti-swing performance, whose payload
swing angles can be quickly suppressed, while the payload
swing angles of the comparison method naturally decay after
reaching the target image feature.

C. Function Demonstration Test

To further verify the effectiveness of the designed controller
in practical applications, a functional demonstration test is
conducted in this subsection. The AprilTag is placed on a
mobile platform, whose trajectory is set as

xv = [sin(0.15t), cos(0.15t), 0]
⊤.

The initial and desired system states are set as: s(0) =

[−0.2, 0.0, 1.5]
⊤, l(0) = 0.6 m, sd = [−0.15, 0.0, 1.0]

⊤,
ld = 0.85 m. Notably, the trajectory of the mobile platform
is priori unknown for the aerial transportation system. As the
mobile platform moves, the image feature will change in the
image plane. To track the target image feature, the aerial trans-
portation system will move along with the mobile platform.
The process of the experiment is presented in Fig. 5, where
Fig. 5a shows the snapshot and Fig. 5b shows the trajectories
in Cartesian space. The experiment curves are given in Fig. 6,
from which one can see that the cable converges to the desired
length, and the swing angles of the payload are kept within a
small range during the tracking process. Besides, Fig. 6c shows
that the four visual feature points always move around the
target feature points, indicating the robustness of the proposed
method.

Fig. 6. Results for Function Demonstration Test.

V. CONCLUSION

This paper proposes an image-based visual servoing anti-
swing control scheme for the aerial transportation system with
variable-length cable. Specifically, the controller is designed
based on a generalized virtual image feature signal, which
greatly improves the anti-swing ability while ensuring accu-
rate target tracking and cable length adjusting. Lyapunov
techniques and LaSalle’s Invariance Theorem are utilized to
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guarantee the asymptotical stability of the overall closed-loop
system. Two groups of experimental results are presented to
demonstrate the excellent performance of the control law in
target point tracking and payload swing suppressing. In the
future, we will focus on the visibility of the mobile platform
and algorithm design to constrain the payload within the
boundaries of the mobile platform.
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